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Abstract. In this article we prove the pathwise uniqueness for stochastic differential equations 
in R d with time-dependent Sobolev drifts, and driven by symmetric a-stable processes provided 

that a e (1,2) and its spectral measure is non-degenerate. In particular, the drift is allowed to 
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have jump discontinuity when a e (-M-,2). Our proof is based on some estimates of Krylov's 
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type for purely discontinuous semimartingales. 



1 . Introduction and Main Result 



Consider the following SDE driven by a symmetric a-stable process in R d : 



dX t = b t (X t )dt + dL t , X = x, (1.1) 



where b : R+ X R — » R is a measurable function, (L t ) t>0 is a J-dimensional symmetric a-stable 
process defined on some filtered probability space (£2, JP, P; (^ t )t>o)- The aim of this paper is 
CC) . to study the pathwise uniqueness of SDE (11.11) with discontinuous b. 

Let us first briefly recall some well known results in this direction. When L, is a standard d- 
dimensional Brownian motion, Veretennikov |fT9ll first proved the existence of a unique strong 



solution for SDE (11.11) with bounded measurable b. In [fTTTl . Krylov and Rockner relaxed the 
boundedness assumptions on b to the following integrability assumptions: 

\b t (x)\ p dx\ dt<+oo, vr>0, (1.2) 
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provided that 



U*<i. (1.3, 

P 1 

Recently, in EOl we extended Krylov and Rockner's result to the case of non-constant Soboev 
diffusion coefficients and meanwhile, obtained the stochastic homeomorphism flow property of 
solutions and the strong Feller property. 

In the case of symmetric a-stable processes, the pathwise uniqueness for SDE (11.11) with 
irregular drift is far from being complete. When d = 1, a 6 [1, 2) and b is time-independent and 
bounded continuous, Tanaka, Tsuchiya and Watanabe IfTTl proved the pathwise uniqueness of 
solutions to SDE (11.11) . When d > I, a e [1,2), the spectral measure of L t is non-degenerate, 
and b is time-independent and bounded Holder continuous, where the Holder index fi satisfies 

/.>!-£. 

Priola [8] recently proved the pathwise uniqueness and the stochastic homeomorphism flow 
property of solutions to SDE (11.11) . When d = 1, a e (1, 2) and b is only bounded measurable, 
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Kurenok [12J obtained the existence of weak solutions for SDE (11.11 ) by proving an estimate of 
Krylov's type: for any T > 0, 

f t (X t )dt < C\\f\\ L 2 ([m) . (1.4) 

to 

When d > 1, or G (1,2) and b is time-independent and belongs to some Kato's class, Chen, Kim 
and Song [7, Theorem 2.5] proved the existence of martingale solutions (equivalently weak 
solutions) in terms of Feller semigroup (cf. J6l). On the other hand, there are many works 
devoted to the study of weak uniqueness (i.e., the well-posedness of martingale problems) for 
SDEs with jumps. This is refereed to the survey paper of Bass [5J. However, to the author's 
knowledge, there are few results about the pathwise uniqueness for multidimensional SDE (11.11) 
with discontinuous drifts. 

Before stating our main result, we recall some facts about symmetric a-stable processes. 
Let (L t ) t>0 be a J-dimensional symmetric a-stable process. By Levy-Khinchin's formula, its 
characteristic function is given by (cf. lfT5l ) 

where 

f (i-^>+^^>i w <iMdx), 

and the Levy measure v with v({0}) = is given by 

V ^= "^r dr ^ d ^ Ue@(R d ), (1.5) 

where /i is a symmetric finite measure on the unit sphere S^" 1 := {6 G R d : \6\ = 1}, called 
spectral measure of stable process L t . By an elementary calculation, we have 

<K£)= f (l-cos(^x))v(dx) = c a f |<£0>|V(d0). 

jR d Js d - [ 

In particular, if /j. is the uniform distribution on S d_1 , then i/r(£) = c cl .|^| ff , here c a may be different. 
Throughout this paper, we make the following assumption: 
(EF): For some a G (0, 2) and constant C a > 0, 

>C a \ft a , V{eR d . (1.6) 

We remark that the above condition is equivalent that the support of spectral measure \x is not 
contained in a proper linear subspace of W l (cf. page 4]). 

We now introduce the class of local strong solutions for SDE (ll.ll ). Let t be any (J^)- 
stopping time. For x G R d , let ^(x) be the class of all Revalued (^)-adapted cadlag stochastic 
process X t on [0, r) satisfying 
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P ^ w : f !/7,(A\((u))|d.v < +oo. Vr g [0. r(oj)) J> = 1 . 

and such that 

X, = x + I b s (X s )ds + L„ W G [0,t), a.s. 
Jo 



The main result of the present paper is: 
Theorem 1.1. Assume that (EP) holds with a e (1,2), and b : R+ x W 1 — > R rf satisfies that for 

a 
2> 



iome /? G (1 - f , 1), /? > — and a/ry T,R > 0, 



r r \b t {x)-b,(yw A 

sup — ■ -T-7 — dxdy < +oo (1.7) 
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and 



sup \b t (x)\ < +00, (1.8) 

(t,x)e[OJ]xB R 

where B R = {x e R d : |x| < R}. Then, for any x e R d , there exists an (JP t )-stopping time £(x) 
(called explosion time) and a unique strong solution X t e (x) to SDE di.il) with 

lim XXx) = +00, a. s. (1.9) 

Remark 1.2. Let O be a bounded smooth domain in R d . It is well known that for any /? e (0, 1) 
andp€(l ,\)(cf. m), 



l eW£, (1.10) 

where Wp is the fractional Sobole space defined by A2.3\) below. Hence, if a e (J^-, 2), ?/zen one 
can choose 

„ a a ^ 2d 1 

£e(l --,—), pe(--) 
2 2d c p 

so that Theorem \l.l\ can be used to uniquely solve the following discontinuous SDE: 

dX t = [b w l + b (2) l r](X t )dt + dL t , X = x, 

where b ( '\ i = 1,2 are two bounded and locally Holder continuous functions with Holder index 
greater than J3. In one dimensional case, if a e (1,2), it is well known that regularity condition 
di. 71 ) can be dropped (cf [fT71 p. 82, Remark I]). The key point in this case is that the weak 
uniqueness is equivalent to the pathwise uniqueness. However, in the case ofd>2, it is still 
open that whether SDE di.il) has a unique strong solution when b is only bounded measurable. 

For proving this theorem, as in Il22l ITT1 [201. we mainly study the following partial integro- 
differential equation (abbreviated as PIDE) by using some interpolation techniques: 

d t u = £,qu + b'diU + f, uq(x) = 0, 

where Xo is the generator of Levy process (L,) t>0 given by 

£ u(x) = I (u(x + z) - u(x) - l\ z \^z'diu(x))v(dz) = lim I (u(x + z) - u(x))v(dz), (1.11) 

where the second equality is due to the symmetry of v. Here and below, we use the conven- 
tion that the repeated index will be summed automatically. However, we need to firstly extend 
Krylov's estimate (11.41 ) to the multidimensional case. As in lfT2l . we shall investigate the fol- 
lowing semi-linear PIDE: 

d t u = £qu + k\Vu\ + f, Uq(x) = 0, 

where k > and V is the gradient operator with respect to the spatial variable x. We want to 
emphasize that Fourier's transform used in |[T3l[T2l seems only work for one-dimensional case. 

Our method for studying the above two PIDEs is based on semigroup arguments. For this 
aim, we shall derive some smoothing and asymptotic properties about the Markovian semigroup 
associated with £o- In particular, the interpolation techniques will be used frequently. This will 
be done in Section 2. In Section 3, partly following Kurenok's idea, we shall prove two Krylov's 
estimates for multidimensional purely discontinuous semimartingales. In Section 4, we prove 
our main result by using Zvonkin's transformation of phase space to remove the drift. 

In the remainder of this paper, the letter C with or without subscripts will denote a positive 
constant whose value may change in different occasions. 
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2. Preliminaries 

For p > 1, the norm in L p -space L p (R d ) is denoted by || • || p . For 8 > and p > 1, let Hp be 
the space of Bessel potential, i.e., 

BEj = (/ - A)"^(L P (]R J )). 
In other words, is the domain of fractional operator (I—Af, where (I-A~f is defined through 

(/ - Aff = r~\(l + I ■ lYCF/)), / e q°(R d ), 

where T (resp. !F _1 ) denotes the Fourier transform (resp. the Fourier inverse transform). Notice 
that for 8 = m e N, an equivalent norm of Hp is given by (cf. lfT8l p. 177]) 

\\f\\m,p = WfWp + WV'fWp- 

By Sobolev's embedding theorem, if 8 - - > is not an integer, then (cf. IT181 p. 206, (16)]) 



d 

P 



C fi -p(R d ), (2.1) 



where for y > 0, C 7 (R d ) is the usual Holder space with the norm: 



[y] 

:= J]sup |V*/(*)I + sup 



v M /W - vw/(y)l 



where [y] := maxjm 6 N : m < y} is the integer part of y. 

Let A and 5 be two Banach spaces. For 9 e [0, 1], we use [A,B]g to denote the complex 
interpolation space between A and B. We have the following relation (cf. [18, p. 185, (11)]): for 
p> 1, B x 9^ and 0e(O,l), 

[Hj , Uf] e = Hf; +e(M) . (2.2) 

On the other hand, for < 8 ^integer, the fractional Sobolev space is defined by (cf. Q21 
P-190,(15)]) 



k=Q 



For/3 = 0, 1, 2, • • • , we set Wj := BfJ. The relation between Hp and is given as follows (cf. 
[HI p.180, (9)]): for any 8 > 0, s e (0,8) and p > 1, 

Hj +e Wj «^-» H^ £ . (2.4) 

We recall the following complex interpolation theorem (cf. IfTSl p. 59, Theorem (a)]). 

Theorem 2.1. Let A, c B(, i = 0, 1 be Banach spaces. Let ST : A, ■ — > 5,, z = 0, 1 /?e bounded 
linear operators. For 6 e [0, 1], we have 

\\nAe^B e ^\\n\-^ Bo \\nu Bl , 

where A e := [A Q , A\\ e , B g := [B Q , B\\ e , and ||^IU fl ^B e denotes the operator norm of 2? mapping 
A e to B 6 . 

Let / be a locally integrable function on R d . The Hardy-Littlewood maximal function is 
defined by 

Mf(x):= sup — I \f(x + y)\dy, 

0<r<oo \o r \ Jg r 

where B r := {x e R d : \x\ < r). The following well known results can be found in lfT4"ll2~TH and 
IfTBl page 5, Theorem 1]. 
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Lemma 2.2. ( i) For f e W}, there exists a constant > and a Lebesgue zero set E such that 
for all x,y £ E, 

\f(x) - f(y)\ <C d -\x-y\- (M|V/|(x) + M\Vf\(y)). (2.5) 
(ii) For p > I, there exists a constant C d , p > such that for all f e L p (R d ), 

\\Mf\\ p < C d Jf\\ p . (2.6) 
For fixed z e R rf , define the shift operator 

Xf(x):=f(x + z)-f(x). 
We have the following useful estimate. 

Lemma 2.3. For p > 1 and ye [1,2], there exists a constant C = C(p, y, d) > such that for 
any f e U 7 P , 

W^fhp < C\z\ y ~ l ■ \\f\\y, p . (2.7) 
Proof. By (|2.5I) . we have for Lebesgue almost all x 6 W 1 , 

\STJ{x)\ < C\z\ ■ (M\Vf\(x + z) + M\Vf\(x)), 

and so, by (12.61) . 

\m\\p < Qz\ ■ \\M\Vf\\\ p < C\z\ ■ \\Vf\\ p < C\z\ ■ \\f\\i, p . 
On the other hand, it is clear that for any ft > 0, 

\m\kp < w\Wp- 

By Theorem 12. II and (12.21) . for 6 e (0, 1), we immediately have 



\m\Wp < Qzt 6 



l+0(fi-Ylp, 



which gives the desired result by letting 6 = 2 - y and fi = j^. □ 

We now recall the following well known properties about the symmetric a- stable process 
(L t ) t>0 (cf. 021 Theorem 25.3] and il Lemma 3.1]). 

Proposition 2.4. Let p t be the law of a-stable process L t . 

( i) (Scaling property): For any A > , (L t ) t>0 and (.A~«L At ) t>0 have the same finite dimensional 
law. In particular, for any t > and A e 3§(R. d ), p t (A) = jj,\{r«A). 

(ii) (Existence of smooth density): For any t > 0, fi t has a smooth density p t with respect to 
the Lebesgue measure, which is given by 



(2nf J Rd 



Moreover, p,(x) = p t (-x) and for any k e N, V k p t e L l (R d ). 
(Hi) (Moments): For any t > 0, if/3 < a, then E\L t f < +oo; if/3 > a, then E\L t f = oo. 

The Markovian semigroup associated with the Levy process (L t ) t>0 is given by 

T t f(x) = E(f(L t + x))= f Pt (z-x)f(z)dz= f p t (x - z)f(z)dz. (2.8) 

jR d jR d 

We have: 



Lemma 2.5. ( i) For any a e (0, 2), p > 1 and fi, y > 0, we have for all f e W p , 

Wtfhw < Cf la \\f\W ( 2 - 9 ) 
(n'J For any a e (1, 2), 6 6 [0, 1] an J p > 1, ?/zere exista a constant C = C(d, p, 9) > swc/z ?/za? 
/or a/Z / e H* 

HT,/-/|| p <a e/a ||/lk P . (2.10) 
Proof, (i) Let / 6 C~(R. rf ). For any /c, m e N, by the scaling property, we have 

V k+m T t f(x) = r (d+k)/a f (VV)(r 1/a (*-z))V m /(z)dz. 

Hence, 

\\V k+m T t f\\ p <t- k/a \\V n f\\ p f \V k Pl \(x)dx. 
Since C™(R d ) is dense in H™, we further have for any /gB™, 

l|V* +m <r,/|| p < r^||/|| m , p f |VVil(x)dx. 
On the other hand, it is clear that 

\\T t f\\p < ll/llp- 

By Theorem 12. 11 we obtain (I2.9I ). 

(ii) First, we assume that / 6 H^. By (12.51) . we have for Lebesgue almost all x e R d , 

ir f /w-/wi< f |/(x+y)-/(x)|- A Cy)dj 

Jr<* 

<C f (M|V/|(x + y) + M|V/|(x))-]y]-A(y)dy, 

Jr<* 

and so, by (12.61) and the scaling property, 

lir,/-/||,<C||M|V/||| p f |y|-A(y)dy 

Jr<* 

< ciiv/ii^eiai = a^HV/H^ILil. 

Estimate (12.101 ) follows by (iii) of Proposition [2]4] and Theorem 12.11 again. □ 

We also need the following simple result for proving the uniqueness. 

Lemma 2.6. Let (Z t ) t>0 be a locally bounded and ( & t )-adapted process and (A t ) t>0 a continuous 
real valued non-decreasing (JP t )-adapted process with A = 0. Assume that for any stopping 
time x] and t > 0, 

E\Z tM \ < E \Z s \dA s . 
Jo 

Then Z t = a.s. for all t > 0. 

Proof. By replacing A, by A, + t, one may assume that 1 1-» A t is strictly increasing. For t > 0, 
define the stopping time 

T t := inf{s > : A s > t}. 

It is clear that r t is the inverse of t h-> A t . Fix T > 0. By the assumption and the change of 
variable, we have 

rTt\T, pr, r-t 

E\Z TATl \ < E \Z s \dA s < E \Z TAs \dA s = E\Z TATs \ds. 
Jo Jo Jo 
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By Gronwall's inequality, we obtain Z TATi = 0. Letting t — > oo gives the conclusion. □ 

3. Krylov's estimates for purely discontinuous semimartingales 

Let (L t ) t>0 be a symmetric or-stable process. The associated Poisson random measure is de- 
fined by 

N((0, t] x U) := ^ l v (L s - L s .\ U e £g(R d \ {0}), t > 0. 

S€(0,t] 

The compensated Poisson random measure is given by N((0, t] X U) = N((0, t] x U) - tv{U). 
By Levy-Ito's decomposition, one may write (cf. 031) 



,= ff xN(ds,dx) + ff xN(ds,dx). (3.1) 

JoJivki JoJ|x|>l 



/|*|<1 ^0^|x| 

Let X, a purely discontinuous semimartingale with the form 



X t = X + f &ds + L t , (3.2) 
Jo 

where X e J£" and (£,), >0 is a measurable and (^v)-adapted Revalued process. Let u be a 
bounded smooth function on R + x W l . By Ito's formula (cf. O), we have 

M; (X ; ) = u (X Q ) + f ([d s u s + £ u s ](X s ) + eAu s (X s ))d S 
+ f f [u s (X s - +y) — u s (X s -)]N(ds, dy). 

JoJR rf \{0} 

In this section, we prove two estimates of Krylov's type for the above X t . Let us first prove 
the following simple Krylov's estimate, which will be used in Section 4 to prove the existence 
of weak solutions for SDE (|l.ll) with singular drift b. 

Theorem 3.1. Suppose that a e (1,2), p > and q > (a ^" ) _ rf - Then, for any T > 0, 
there exist a constant C = C(T Q ,d,a, p,q) > such that for any (J^J- stopping time t, and 
< 5 <T < T Q , and all f e U([S, T];L p (R d )), 

E (X fAXs)ds \'^ s ) < C ( 1 + E (X ^H*^)) H/Hw([5,r]^(R"))- ( 3 - 3 ) 
Proof. Let us first assume that / 6 C^°(R+ x R d ) and define 

u,(x) = | T t - S f s (x)ds, 



where T t is defined by (I2T81) . By Lemma [231 it is easy to see that u t (x) e C°°(R+ x R rf ) and 
solves the following PIDE: 

d,u,(x) = £ u,(x) + f(x). 
Choosing y e (1 + -, or - -), by (12.91) and Holder's inequality, we have 



Ml r ,p< f HWxIUdJ < C f (t - sr la \\f s \\ p ds 
Jo Jo 



Jo 



<C\ (t-sy^' a ds\ \\f\\ Lm+ , m < C t \\fhm + ^ (3.4) 



where = g/(g - 1). 



Fix T Q > and an (#",)- stopping time r. Using Ito's formula for u TQ - t {X t ) and by Doob's 
optimal theorem, we have 

^•{uT -Tat(Xtat)\^s) - U T -S At(Xs At) 
/ r*T AT 

= E (ld s u To - s + £ u To . s ](X s ) + eAu To - s (X s ))d S \^ s 

\Jsat 



< E ( f ( - /,(Z S ) + |f ,| • \Vu To - s \(X s ))ds 

\ Js At 

which yields by (TJ31) and (12TTT) that, 

E ( f / s (X s )ds < 2 sup + sup \Vu s \(x) • 

\Js AT ) s,x s,x 



r-TAT 
JSat 



<C||/|b (R+;LP) 1 + 



=t£ — ■ 

WSat 



^s 



where we have used p(y - 1) > d. By a standard density argument, we obtain (13.31) for general 
f <=L q ([S,T];L p (R d )). ' " " □ 

In one dimensional case, as in lfT3l . we even have: 

Theorem 3.2. Let X t take the following form: 

X t = X + f &ds + f fc s dL s , 
Jo Jo 

where h s is a bounded predictable process. Suppose that a e (1,2) and p > —. Then, for any 
T > 0, there exist a constant C = C(T , a, p, q) > such that for any ( & t )-stopping time r, and 
< 5 <T < T , and all f e L p (R d ), 

-Tat 



Jr-TAT 
\h s \ a f(X s )ds 
Sat 



&s <C 1 + 



Sat 



(|&| + \h s \ a )ds 



^S 



V 



(3.5) 



Proof. Fix T > 0. For / e q?(R d ), let us define 

u To (x) := f T To - s f(x)ds. 
Jo 

It is easy to see that 

£ou To (x) = T T J(x) - f(x). 
Using Ito's formula for u To (X t ) (cf. flU Proposition 2.1]), one finds that 

E (u To (X tAT )\3? s ) = u To (X SAT ) + E ( f (|ft,rXo« ro (X,) + £ s u' To (X s ))ds 

\Jsat 

which together with (13.61) yields that 

e( f \h s \ a f(X s )ds & s ) < 2||Mr IU + K ILe( f J^) 

\Jsat / \Jsat / 



(3.6) 



+ IITro/HooE 



< C 1 + 



Vsat 



J or at 
Sat 



(|&| + \hf)ds 



^s 



where we have used p(a - 1) > 1, (12.91 ) and (12.11) . By a standard density argument, we obtain 
(f33]) for general / 6 L p (R d ). ~ ~ □ 

In the above two theorems, the requirement of p > is too strong to prove Theorem ll.il It 
is clear that this is caused by directly controlling the oo-norm of Vu s (x) by Sobolev embedding 
theorem. In what follows, we shall relax it to p > ^. The price to pay is that we need to assume 
that is a bounded (j^)-adapted process. Nevertheless, Theorem [3J] can be used to prove the 
existence of weak solutions for SDE (11.11) with globally integrable drift. 

We now start by solving the following semi-linear PIDE: 

d t u = £ Q u + k\Vu\ +f, u Q = 0, t>0 (3.7) 

where k > 0, Xo is the generator of Levy process (L f ) f>0 given by (11.111) . and / is a locally 
integrable function on R + x R d . 

We first give the following definition of generalized solutions to PIDE (13.71) . 

Definition 3.3. For p > \, a function u e C([0, oo); Hi) is called a generalized solution of A3.7\) . 
if for all function tp G C^([0, oo) x R d ), it holds that 




ud t <p = u£* <p + (k\Vu\ + f)(fi, 

>0 J«d Jo JR rf Jo JW 

where J1* Q is the adjoint operator o/Xo given by 

£* <p(x) = I ((f(x - z) - (p{x) + l lz ^iz'di<p(x))v(dz). 
Remark 3.4. If we extend u and f toRby setting u t = f = Ofor t < 0, then for all ip e C™(R d+l ), 

- I ud t (p = I u£* Q (p + I (k\Vu\ + f)<p. 

jR d+l JR d+l JR d+l 

Since the Levy measure v is symmetric, Xq is in fact the same as Xo- 

The following proposition is now standard. We omit the proof. 

Proposition 3.5. For p> l.letue C([0, oo); Hp and f e L] oc ([0, oo) xR d ). The following three 
statements are equivalent: 

( i) u is a generalized solution of ([3.7\) ; 

(ii) For any e C~(R d ), it holds that for all t > 0, 

f u t <f>= f f u s £* cf) + f f (k\Vu s \ + f)(f>; 

JR d JoJr^ jQjR d 

(Hi) u satisfies the following integral equation: 

u t (x) = f T t - s (K\Vu s \ + f s )(x)ds, W > 0. 



We have the following existence-uniqueness result about the generalized solution of equation 



Theorem 3.6. For p > 1, or e (1,2), y e [1, a) and q > assume that f e L\ L.(R+; L p (R d )) 



a—y 



Then, there exists a unique generalized solution u e C([0, oo); H^) to PIDE H3. 71 ). Moreover, 



\u 



< C t \\f\\u m m v?>0, (3.8) 



t\\y,p 

where C t > is a continuous increasing function oft with C, = 0(t a «) as t —> 0. 
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Proof. Let w (0) = 0. For neN, define recursively by 

u ( t n \x)= f Ti_,(*|V«J , " 1) | + f s )(x)ds, \ft>0. (3.9) 
Jo 

By (i) of Lemma [231 and Holder's inequality, we have for q > 

\\ut\ p < c J\t - *)-S(*||Vi#-% + \\f s \\ p )d s 

q-l I 

< c|jT(f- j)-is%djj ? (^IIVu^ll^ + ||/ v ||«)dsJ" , 

which yields that 

Il^ll^<a^(^ik"- I) lll,d, + ^||/,||^ 

By Gronwall's inequality, we obtain that for all t > 0, 

sup|| M | n) ||^<C, f ||/,||*ds. (3.10) 

raeN Jo 

Next, fixing T > 0, we want to prove the Holder continuity of mapping [0, T] 3 1 1-> g H£. 
For T 0, we have 

«?° - 4 B) = f (<T^ - 7>_,)WVi*t ,, - 1) | + f s )ds 
Jo 

+ J f^WVai"- 1 '! + f s )ds =: /!(f, O + hit, t'). 
For /](?, t'), using the semigroup property of T t , we further have 

hit, O = f T V - m (Tt-f - DT it ,-. m (K\Vu ( r l) \ + f s )ds. 
Jo 

Hence, by Lemma [231 and (13.101) , for 8 e (0, a — y — |), we have 

Whit, oil™ <c f - S )-%r,_, - /yr^-^wvw^-^i + / s )ii P ds 

Jo 

<c f (?'-^r«(f-o f ii < r (f _, )/2 wv M ( ;- 1) i+/,)ii (5)P d^ 

Jo 

<c(t-n° f (t'- S )-^i\\vuf- i \ + \\u P )d S 

Jo 

< C(t - t , )^\\f\\ mQX[ . L p 9 d )) . (3.11) 
For hit, f), using (13.101) . we also have 

l|/ 2 (M')ll r ,p < C T it-tT l ~hf\\u([ W y 0-12) 
Combining (13.1 II ) and (13.121 ), we obtain the desired Holder continuity. 
Now, as above, we can make the following estimation: 



,(«) I 

\\y,p 



\u]"' - u]'"'\L „ ^ 



c JV-^-^iiiv^-^i-ivh^ii^ 
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i y 

< ct l —« 



■•fj^HV^-^'-^II'dj 



which then gives that 

Jo 

where C is independent of n, m and t. Using (13.101 ) and Fatou's lemma, we find that 
lira sup - u^\\% < Ct 3 ^ f Mm \\u ( "~ l) - uf~ {) \\ c > As 

njn->°° je[ o,fl ' Jo n,m^cc 

<Ct a^ts r ^ sup ||m („_d _ M (»-i)||, dSj 

Jo "• m ^°° re[0,i] 

and so, for any t > 0, 

Hm sup ||K< n) - M< m) ||* = 0. 

Thus, there exists awe C([0, oo); Hp) such that for any t > 0, 

lim sup - M s Lp = 0. 

Taking limits for both sides of (13.91 ), we obtain the existence of a generalized solution, and (|3.8I) 
is direct from (13.101) . 

As for the uniqueness, it follows from a similar calculation. The proof is complete. □ 

Let us now prove our second Krylov's estimate. 

Theorem 3.7. Suppose that a e (1,2), p > ^ V 1 and q > Let (^ t )t>o be a measurable 

and (^ t )-adapted process bounded by k, and let X t have the form ( 13.21) . Then for any To > 0, 
there exist a constant C = C(T ,K,d,a,p,q) > such that for any (J? t )- stopping time t, and 
< 5 <T < T Q , and all f e LP([S, T];L p (R d )), 

VTat \ 

f s (X s )ds& s <C||/|| W([S (3.13) 



: (J 



Prao/ Let us first assume that / 6 C M (R + xR' i ). Choose y e (4, a- 2) and let w e C([0, oo); Hp 
be the unique solution of PIDE (13.71) . Fix T > 0, and let v t {x) = u To - t (x). It is easy to see that 
v t is a generalized solution of the following PIDE: 

d t v + £ v + k\Vv\ + f = 0, v ro =0. (3.14) 

Let p be a smooth nonnegative function in R d+1 with support in {(s, x) e M, d+l : \s\ + |jc| < 1 } and 
j RM p= 1. Fore > 0, set 

P £ (S,X) = S- (d+l) p(£- l S,S' l x) 

and 

v (£) = v*p £ , f (E) =f*p E . 
Taking convolutions for both sides of (13.141) . we obtain that 

d t v {£) + £ v (£) + k\W e) \ + f (E) < (d t v + £ v + k\Vv\ +f)*p £ = 0. 

Here we have used Remark |3~4l 

Using Ito's formula for v\ £ \X t ), we get 

Mv { rl(X TAT )\^ s ) - v {£ JX SAT ) = El I ([d s vf + £ vf](X s ) + & i v < f\X,j)ds\& 5 

\Jsat 
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~*Tat 

' (£) + £ vf + K\Vvf\](X s )ds 



Jr-l AT 
Sat 

Jr-TAr 
Sat 



<-E f e \X s )ds 



which yields by (f3~8l) and (IZTT) that, 

VTAT 



VSat 



^(X^dj J^5 I < 2 sup \vf>(x)\ < 2 sup |v f (x)| < 

(s,x)e[0,T ]xR d (t,x)e[0,T ]xR d 

r-Ta 

< 2 sup |w,(*)l < C I IL/illJpds. 



(f,x)€[0,To]xR d ^0 

Taking limits s — > 0, by the dominated convergence theorem, we have 

(r*T At \ pT 

J Sat I JO 

By a standard density argument, we obtain (13.131) for general / e L q ([S, T]; L p (R d )). □ 

4. Weak solutions for SDE (11.11) with globally integrable drift 
In this section, we use Theorem 13.11 to prove the following existence of weak solutions for 

SDE CCD. 

Theorem 4.1. Suppose that a G (1,2), y e (I, a), p > ^ and q > Then for any 

b G L~ f (R + ; L°°(R d )) + L^ c (R + ; L p (R rf )) and x e R rf , r/zere exists a weak solution to SDE ( TO) . 
More precisely, there exists a probability space (Q, J^, P) and ftvo cadlag stochastic processes 
X, and L t defined on it such that L t is a symmetric a-stable process with respect to the completed 
filtration & t := o~ p {X s , L s ,s < t} and 



f b(s,X s 
Jo 



X t = Xq + b(s, X s )ds + Lf W > 0. 



Proof. Our proof is adapted from the proof of IfTOl p. 87, Theorem 1]. Let b = b\ + #2 with 

^ c (R + ;L°°(R d ))andZ7 2 eL^( 



b x e L~ (R+; L°°(R d )) and o 2 g Lf oc (R + ; Z/(R d )). Let fcffy, x) = Mt, -)*p n )(x) be the mollifying 



approximation of bj, i = 1, 2. It is easy to see that for some €y G L 1 loc (R + ), 

\b (n) (t, x) - b (n \t, x)\ < £ t \x -y\, Vjc, y e R d . 
Let solve the following SDE: 

Xl n) = x + f b in \s,X^)ds + L t . 
Jo 

(Claim 1:) For some 8 > 1, we have 

supE f I^^Zf)]^ < +oo, Vr>0. (4.1) 

neN Jo 



In fact, choosing 6 > 1 and p' G (^-r,p),q' G (-^-,q) such that /?'(5 = p and = a, by (|33 



and Young's inequality, we have 



E J^" |of (j.^fda < C T |l + E^ |o ( ' l) (s,Xf)|dsj p! 



(«)|<5|| 

2 I \\Li ([Q,T];Lp (R rf )) 



< C r ( 1 + Hfcilli-flftr,^ + E^ l&f^Zf )|d*| ||&r» tf 
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Li([0,T];D'(R d )) 



+ C r (l + H^illL»([o,r]xR rf )) ll^lli^^r].^^)), 

which then implies (14.11) . 

Let D be the space of all cadlag functions from R + to R. rf , which is endowed with the Skorohod 
topology so that D is a Polish space. Set 

H ln) ._ C b (n)^ X (n) )ds 

Jo 

Using Claim 1, it is easy to check that the following Aldous' tightness criterions [Q]| hold: 

lim Urn P\ sup \H { " ] \ > N | = 0, VT > 0, 

N^co n^oo \, e[0 ,T] / 

and 

lim lim sup P (\H^ - \H ( "l\ > a) = 0, VT, a > 0, 

e^O n-»oo re5r V / 

where S T denotes all the bounded stopping times with bound T. Thus, the law of t i-» // ; (M) in D 
is tight, and so does (H^ n \L.). By Prohorov's theorem, there exists a subsequence still denoted 
by n such that the law of (H {n \ L.) in DxD weakly converges, which then implies that the law of 
(X^ n \ L.) weakly converges. By Skorohod's representation theorem, there is a probability space 
(D, #, P) and the D x D-valued random variables (X (n) , L (,,) ) and (X.,L.) such that 

(i) (X (n) , L in) ) has the same law as (X™, L.) in D x D; 

(ii) (X ( ' !) ,Z/ n) ) converges to (X.,L.), P-almost surely. 

In particular, L is still a symmetric or- stable process and 

= x + C b {n \s,Xf)ds + Lf. 
Jo 

(Claim 2:) For any nonnegative measurable function / and T > 0, we have 

E f s (X s )ds < C T \\f\\ mo 



where E denotes the expectation with respect to the probability measure P. 
Let / e Co([0, T] x R d ). By the dominated convergence theorem, we have 



; f f s (X s )ds = lim E f /,(^>)ds 
Jo "-' co Jo 



= lim E f /.(ZfOd* 
< C||/|| W([0 



where in the last step we have used (13.31) and (14.11) . For general /, it follows by the monotone 
class theorem. 

The proof will be finished if one can show the following claim: 
(Claim 3:) For any T > 0, we have 

lim if f \bf\s,X^) - bi( S ,X s )\ds) = 0, i = 1,2. (4.2) 



n— »oo 



13 



LetXR(x) be a smooth nonnegative function on W 1 with^- s (jc) = 1 for |x| < R and^ s (jc) = for 
\x\ > R + 1 . Then for any n, m e N, 



bU \b ( ?\s,X?>) - b^XMs) < fi(^ \bf\s,X^) - b ( ™\s,X^)\d 

+ &(£ \bf\s,^)-b™(s,X,)\ds 



Jo 



+ EI I ^(j.^-fciCj.^ldj 



=:lf m) +lf m) +lf m) . (4.3) 
For fixed m, by the above (ii) and the dominated convergence theorem, we have 

lim &' m) = 0. 

n— ><x> 

For I?' m \by Claim 1 , we have 

lf m) < ll&ill^ao.T];^^^ |1 - X R{Xf)\6^ + \x R {\bf - b ( f)](s,Xf )\ds 

< |JT E\X^\ds + EU \x R (\bf -bf^Xf^d 



<^ + C|^(|Z7 ( 1 " ) -^ ( 1 m) )|| LW];i p ) . 



Similarly, by Claim 2, we have 

C 

Taking limits for both sides of (14.31) in order: n — > oo, m — » oo and i? — > oo, we obtain (|4.2I) for 



4"' m) < ^ + C\\x R {\bf ) -b l )\\ mm] , LP) . 



i = 1. It is similar to prove (14.21) for i = 2. The whole proof is complete. □ 

Remark 4.2. When b is time -independent and the Levy measure v(d^) = r^df;, Theorem \4.1\ 
has been proven by Chen, Kim and Song [7, Theorem 2.5] by different argument. 

5. Proof of Theorem I1.1I 
We now consider the following linear PIDE for A > 0: 

d t u = (£ Q ~ X)u + b'diU + f, u = 0. (5.1) 
As in the previous section, one may define the notion of generalized solutions and has: 
Theorem 5.1. Let a e (1,2) and y e {I, a). Assume that for some p > - and < /3 e 

b e L~(R + , L°°(R d ) n Wj), / e L~(R + ; Wj). 

Then, there exists a unique generalized solution u = u e C(R + ; H£ +/3 ) to PIDE (T57]). Moreover 
/or some 8 > anJ a/ry A > 1, 

llwfllr+Ap < C ^" 5 H/llz,-([0,?]^)' Vf > °» ( 5 - 2 ) 
where C t > w an increasing function oft with lim^ C, = 0. 
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Proof. As in the proof of Theorem [3771 we only need to prove the a priori estimate (15 .2b ■ Let u 
satisfy the following integral equation: 



u,(x) = e- X{t - s) T t - s {b i s d i u s + f s ){x)ds, \ft>0. 
Jo 

Let e e (0, a - y) and q > a " y _ £ ■ By Lemma [231 and Holder's inequality, we have 
IN W, P <C f e-^- s \t - s)-^^\b%u s %^ p + WMps^ds 

9 c(£ e-W~ s \t - sy^ds^ " U {\\b%u s \\l p + WMlrfds 

CO — t ' 



In view of (y + /? - l)p > d and y > 1, we have 

WbAu s \k P < \\b s \U\Vu s \\ p + ^J^ ^—^- p dxdyj 

< IIWIoollVw.Hp + \\b s \U\Vu s \\p p + IIMI^UVm.Hoo 

ED . 

^ l|frslloo||Wi||l,p + ll^.slUI|K.v|| 1+( 8p + C||&.sll/3 i/ J|w, s || 7+ /3, / , 

El 

Hence, 



\u t \\i +Rn <cA^- q+i l\\b\\ q B f iiMvio+^i/ir 



By Gronwall's inequality, we obtain (|5.2I) with 5 = # - 1 - g y+£ ^ > 0. □ 
Below, we assume that b e L~ (R + ; L°°(R rf ) n Wj) with 

[Se(\--,\), p>—, (5.3) 
2 a 

and fix 

ye((l + ^-j3) V l,or). 



<9,j/ = (£o - A)u € + fcfy-it' + b e , u e (x) = 0, £ = !,■■■ ,d. 



Let j/ solve the following PIDE: 
Fix T > and set 

VfO) := (Mr-»(*). ' ■ ■ . u d T _ t (x)). 
Then Vf(jc) solves the following PIDE: 

d t \ + (£ - A)\ + b%\ + b = 0, \ T (x) = 0. (5.4) 

Since (y + J3 - \)p > d, by (12.11) and (|5.2I) . one can choose A sufficiently large such that 

sup sup|Vv,(*)| < sup C||v f || r+A p < C T A~ s \\f\\ LCO(]onif < (5.5) 

te[0,T] x€R d te[0,T] ' ' " ^ 

Let us define 

O f (jc) = x + \ t (x). 
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Since for each t e [0, T], 



1 3 

-U-ji < \®,(x) - ® t (y)\ < ^U-yl 



x i-> O f (jc) is a diffeomorphism and 



|VO,(x)| < -, m;\x)\ < 2. 



(5.6) 



Lemma 5.2. Let <b t (x) be defined as above. Fix an (^ t )-stopping time r and let X, e =5^(x) be 
a local solution ofSDE f li.il) . 77zen J 7 , = O r (X f ) solves the following SDE on [0, T A r): 



1", 
where 

and 



• f =o (jc)+ r s,(F,)d S + rr ^-,2)^^)+ rr ^y^zw^dz), (5.7) 

Jo JoJ|z|<l JoJ|z|>l 



£ s (y) := Xv^m - f [v^OO + z) - v. $ (0; 1 ( 3 ;))]y(dz) (5.8) 

Jkl>i 



g,(y,z) :=0,(0/(y)+z)-)>. 

Proof. Set 

vf (x) := (v * p e )(/, x), Of(x) = x + ▼?(*). 
By Ito's formula, we have for all t e [0J At), 

Of (X f ) = O*(X ) + f [<9 s Of(X s ) + (fc#Of)(X,)]dj 
Jo 



(5.9) 



+ 



+ 



+ 



rr w 

JoJlzKl 

/J 

JoJlzl 



(X s _ + z) - Of(X s _) - z'd.-Of (X,_)]v(dz)d5 



[Of(X s _ + z)-Of(X s _)]/V(ds,dz) 



f f [Of (X_ + z) - Of (X_)]tf(dj, dz) 

J()J|zl>l 



=: O*(X ) + if (0 + I E 2 (t) + I E 3 (t) + /£(?)• 

We want to take limits for the above equality. First of all, for I^(t), by the dominated conver- 
gence theorem, we have 



f f zN(ds, dz) + f f [Tf (X_ + z) - vf(X,_)W(ds, dz) 

JoJ|z|>l JoJ|z|>l 

> r r za^, d^ + r r [ V xx s _ + z> - vxx^Md*, dz) 

JoJ|z|>l JoJ|z|>l 

r r [o,(x s _ + z) - o s (x s ._)Md*, d^ = r r 

JoJ|z|>l JoJlzl 



^(7 V _,Z)/V(d5,dz), 



and for if (?), 




[Of(X,_ + z) - Of(X,_) - 0,(X. S _ + z) + 0,(X_)]/V(d5, dz) 



10 J\4<l 

VAT , 




|<Df(X,_ + z) - Of(X,._) - 0,(X,_ + z) + 0,.(X. s _)| 2 v(dz)ds -» 0, 



^|z|«l 



16 



where we have used that for some C independent of s, 

mx s .+ Z )-mx^)\<c\z\ 2 . 

Noting that 

d s <b E = d s y £ = -(£o - ^)v e - (b%\) *p £ -b*p £ = -(Xo - ^)v £ - (b%®) * p e 
we have 



n 



(t) + I £ 2 (t) = A f y £ s (X s )d s - ff [y s s (X s +z)-y s s (X s )Mdz)d i 

Jo JoJ\z\>\ 



'I* 



+ f [(^5 1 o:xz,)-((& i 5 ; o)*p e )(5,z s )]d5. 

Jo 

By the dominated convergence theorem, the first two terms converge to 

A f v s (X s )ds - f f [x s (X s + z) - y s {X s )]v{dz)ds = f b s (Y s )ds. 
Jo JoJ|z|>i Jo 

Using Krylov's estimate (13.131) . we have 

WAT 

e \(biA®:)(x s ) - warn * Ps )(s, x s )\ds 



where q > ^j. Combining the above calculations, we obtain that Y, solves (15.71) . □ 

We are now in a position to give: 
Proof of Theorem \L1\ We first assume that for some J3, p satisfying (15.31) , 

b e LZ(^; L°°(R d ) nw?). 

The existence of weak solutions has been obtained in Theorem 14. 1 1 Below, we concentrate on 
the proof of the pathwise uniqueness. 

Fix an (^)-stopping time r and let X t ,X, e ^{x) be two solutions of SDE (11.11) . Fixing 
T > 0, we want to prove that 

Y t := O t (X t ) = Q> t (X t ) =: %, W e [0, T A r). 

Define cr = and for neN, 

cr„ := inf{* > cr„-i : \L t - L t -\ > 1}. 

Set 

(T T n = o- n A T A T. 

Recall (EB and 

f f g,(F,_,z)iV(d5,dz) = V ^,(y 4 _,L s - L s _) • l| Ls - is .|>i- 
JoJkl>i ^ 

By Lemma [5^21 Z f := y - y satisfy the following equation on random interval [crj, cr^ +1 ): 

z^ = z^ + f [^(y s .)-^,(y,)]d5+ f f [g s (y,_,z)-^(t-,z)]iV(d5,dz). (5.10) 

Let us first prove that 

Z, = a.s. on [0, 
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Note that by (I5~8T> . (1531) and (1531) . 

to-^CyOKCIy-y'l, (5.11) 

and by (1231) . 

I^(y,z) - g,(y,z)l = Ifc^OO + Z ) - D^o; 1 ^)) - o,(o;V) + z) + o,(o;ty)| 
= Ivio; 1 ^) + z) - v^o; 1 ^)) - vX^V) + z) + v,(o;V)l 
= K^X^OO) - (^xojV))! 

< C|o;V) - <b;V)I • (Atlv^v.Ko; 1 ^)) + AflV^v.KojV))) 

< C\y - y'\ • (MIV^KO; 1 ^)) + A1|V^v. s |(0; V)))- (5-12) 

Since E|X,| 2 = +oo, for taking expectations for (15.101) . we need to use stopping time to cut off it. 
For R > 0, define 

( R :=M{t>0:\X t \V\k t \>R}. (5.13) 
Let 77 be any (^)-stopping time. By (15.101) . (15.111 ) and ( 15.121 ). we have 



E|Z ?Ao -r A&A77 _| < CI 



\\Z S \ 2 + \g s (Y s .,z)-g s (t-,z)\ 2 v(dz))d S 

Jo \ J\z\<l I 



where 



/"■rA<xj a<,rA)/ /""'A;; 

<CE |Z.J 2 d(s+A. $ )<CE |Z vAcr[A ^| 2 d(s+A. ?Ar ), 

Jo Jo 

A t := f f (MIV^KO; 1 ^)) + M|V^v,|($; 1 (y s ))) 2 v(dz)d s . 

JoJizki 



By Fubini's theorem, we have 

VAT 



r r 2 

EA tAT = E (M|V^v,|(X,) + M|V^v s |(Z s )) dsv(dz) 
J|z|<i Jo 

r 

< C sup ||(M|V^v s |) 2 || p/2 v(dz) 

J| Z |<1 i€[0,f] 

T 1231 r 

= C\ sup ||M|V«2v,||£v(dz) < C sup H^ll 2 v(dz) 

J|z|<l se[0,f] ' J| Z |<1 se[0,t] 

2 f u|2(r+/?-D, 



9 C sup Uv.,11 2 ,^ f |z| 2( ^-'V(d:) < +co. 
Jkl<i 



se[0,f] 

where in the last step we have used (15.51) . 2(y + - 1) > a and (11.51) . Therefore, t h-> A, Ar is a 
continuous (J^ f )-adapted increasing process. By Lemma [231 we obtain that for all t > 0, 

Z t Acr]A{; R - = 0' a - s - 

Letting R -> 00 yields that for all re[0jA r), 

ZfAcri- = Z (Ao -T_ = 0, 61.5. 

Thus, if o - ! < T A r, then 

Repeating the above calculations, we find that for all n e N and t e [0, T A r), 



■'thCTn- ~ 
1 



a. 5. 



Letting n, T — > oo produces that for all t e [0, t), 

Z f = y, = % => X, = X, 

Lastly, we assume that b satisfies (fTTI) and (fL~8l For «eN, let^-„ e C£°(]R d ) with^ n (x) = 1 
for \x\ < n and;f„(x) = for |xl > n + 1. Define 

b?\x) = b t {x) X n(x). 

Then b {n) e L£ c (R + ; L°°(R d ) xWj). By the previous proof, for each x e W 1 , there exists a unique 
strong solution 6 ^,(x) to SDE CUD with drift For n > k, define 

r„ i)t (x,w) := infU > : pK^V, x)| > k}. 

It is easy to see that 

As the local uniqueness has been proven, we have 

P{co : Xf(to, = xf (a>, x), W e [0, r„, fc (x, co))} = 1, 
which implies that for n ^ k, 

TkA x ) < < t„,„(x), a. 5. 

Hence, if we let &(x) := r^x), then ^(x) is an increasing sequence of (J^)-stopping times and 
for n > k, 

P{co : X { t n \x, co) = xf\x, co), W e [0, &(x, co))} = 1. 

Now, for each k e N, we can define X f (x, o») = X) \x, co) for t < g k (x, co) and £(x) = lim^oo &(x). 
It is clear that X t (x) e J?f W (x) and £01 holds. □ 
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